Understanding the behavior of interacting fermions is of fundamental interest in many fields ranging from condensed matter to high energy physics. Developing numerically efficient and accurate simulation methods is an indispensable part of this. Already in equilibrium, fermions are notoriously hard to handle due to the sign problem. Out of equilibrium, an important outstanding problem is the efficient numerical simulation of the dynamics of these systems. In this work we develop a new semi-classical phase-space approach (a.k.a. the truncated Wigner approximation) for simulating dynamics of interacting lattice fermions in arbitrary dimensions. As fermions are essentially nonclassical objects, a phase-space is constructed out of all fermionic bilinears. Classical phase-space is thus comprised of highly non-local (hidden) variables representing these bilinears, and the cost of the method is that it scales quadratic rather than linear with system size. We demonstrate the strength of the method by comparing the results to exact diagonalization (ED) on small 1D and 2D systems. We furthermore present results on a larger, intractable by ED, 2D model of interacting fermions and show that this method describes quenches and ramps in strongly correlated regimes, where all mean-field methods are expected to fail.
Introduction. The study of non-equilibrium quantum phenomena is at the forefront of physics. The research is driven by the increasing ability to isolate quantum system from their environment, resulting in nearly perfect unitary dynamics. Although much progress has been made in various direction, our understanding is limited by the theoretical tools available to simulate large quantum systems. Exact diagonalization is limited to really small system sizes. For larger systems one typically relies on density-matrix renormalization group (DMRG), dynamical mean-field theory (DMFT), or semi-classical phase space methods. Unfortunately, DMRG type methods are only efficient in one dimension and sufficiently close to the ground states [1] . DMFT methods recently extended to non-equilibrium systems, but the results usually work only qualitatively [2] . Phase-space methods provide an efficient and accurate tool to study quantum dynamics near the classical limit or at short times. They have found many applications in quantum optics, atomic physics, quantum chemistry, high-energy physics, and other areas see e.g. Refs. [3] [4] [5] [6] [7] . Recently there have been interesting generalizations of these methods to tackle dynamics of spins using discrete phase space representations [8] or combining them with Lindblad dynamics for open systems [9] . These methods generally work well either near the semiclassical limit where quantum fluctuations can be treated perturbatively or near non-interacting limits where the Heisenberg equations of motion for operators representing degrees of freedom are nearly linear and the commutators can be replaced by the Poisson brackets. In Ref. [10] it was proposed to go beyond this limitations by finding the best variational effective classical Hamiltonian introducing extra degrees of freedom. The dynamics of these degrees of freedom is however slaved to the distribution function, which makes them hard to compute. More recently, dynamic hidden phase space variables were introduced in [11] . The idea of this approach was to remove some nonlinearities in the Hamiltonian at the expense of increasing phase space dimensionality. It was shown that in this way the semiclassical truncated Wigner approximation (TWA) can be extended to strongly correlated regimes and accurately describe dynamics where "naive" TWA completely fails.
In this work we extend the semiclassical phase space approach to fermions resulting in a very simple and tractable method for simulating their dynamics. Fermionic phase space distributions were already introduced in the context of P-and Q-distributions [12] [13] [14] , but a Wigner function for fermions has only been introduced as a function of Grassmann variables [15, 16] . Grassmann variables only allow for manipulations on a formal level, seriously hampering any practical use beyond perturbation theory. Here we focus on the WignerWeyl quantization of fermions and present a Grassmann variable free formulation of the problem. We illustrate the method by focusing on a model of fermions interacting through the exchange of bosons. The problem is related to the fermionic Hubbard model via a Hubbard-Stratonovich transformation. In equilibrium statistical mechanics a closely related representation of arXiv:1604.08664v1 [cond-mat.str-el] 29 Apr 2016 fermionic Hamiltonians through Hubbard operators was applied to analyze various strongly correlated systems of fermions [17] . However, the general success of the applications of Hubbard operators was rather limited as they have to satisfy constraints, which one can usually implement only in mean-field limits. Such constraints are, however, automatically preserved in time and thus do not represent conceptual difficulty in simulating dynamics. We emphasize that the new variables are fluctuating and thus we go beyond a mean-field approximation where one neglects fluctuations around the classical path. As with any other semiclassical method it is expected that its accuracy is relying on existence of slow e.g. hydrodynamic degrees of freedom. Here, we assume that fermionic bilinear operators play this role. While we cannot present a formal estimate of the error at the moment we demonstrate for a particular model that the method is very accurate for quenches and ramps as long as the system is not very close to the ground state. We are not aware of any other existing methods which can lead to a comparable accuracy.
Fermionic TWA. For bosons, the Wigner-Weyl correspondence provides a unique map between any function of operators and a function over classical phase space [3, 6] . Any quantum dynamical problem corresponds to a problem of propagating the Wigner function in time. In general, time evolution of the Wigner function is hard to handle as the action for its propagator contains highly non-linear terms [18] . However, near the classical limit one can use the so-called truncated Wigner approximation (TWA) [5, 6] , where the Wigner function, like a classical probability distribution, is conserved on classical trajectories. In [11] it was demonstrated how to generalize this procedure to non-canonical phase-space. To summarize, if we have operatorsX α which satisfy commutation relations of some algebra [X α ,X β ] = if αβγXγ , where f αβγ are the structure constants, then the classical paths in the corresponding phase space are given bẏ
and we can approximate the dynamics of observables by
where W denotes the Wigner function and Ω W is the Weyl symbol ofΩ. Moreover, within the accuracy of TWA, instead of exact Wigner function it suffices to use a Gaussian distribution, with mean and variance fixed by initial conditions such that X α (t = 0) and X α (t = 0)X β (t = 0) + α ↔ β are correctly reproduced by averaging respectively X α and 2X α X β over W . Unfortunately these results do not directly transpose to fermionic problems since fermionic operators satisfy canonical anti-commutation relations rather than commutation relations. However, as a consequence of the same anti-commutation relations, physical observables (that commute with the parity operator) always have to contain an even number of fermionic operators. The simplest physical fermionic operators are therefore bilinears of creation and annihilation operators.
We denote the fermionic bilinears by E αβ = c α c β ,
† , and consider a system of N fermionic modes. The label α can represent the number of lattice sites for spinless fermions or twice the number of lattice sites for spinful fermions; it can also represent the number of singleparticle momentum modes or number of single-particle orbitals in atoms or molecules. Each mode is described by creation (annihilation) operators c †
The bilinears obey the Lie algebras of so(2N ) [19] :
[
Using the group structure of fermionic bilinears, we can use [11] to do TWA with fermionic variables, which we will refer to as fTWA.
We can treat the bilinears as the classical phase space variables:
ρ is a Hermitian matrix and τ is anti-symmetric, so the classical phase-space is made up of N (N −1) unique complex variables, and N real variables [20] . Note that these variables are maximally non-local: this is the price we pay for representing fermions in a classical phase space. The idea of using bilinears is of course more generally applicable and e.g. bosonic bilinears have for example been used in Ref. [21] as independent degrees of freedom to address the polaron problem. The exact Weyl symbol of non-linear operators, as well as complicated operators like the density matrix, are in general non-trivial to compute. There are formal ways to define the Wigner-Weyl transform for arbitrary Lie groups (see e.g Ref. [22] ); however, in this paper, to simplify further discussion of Weyl symbols, we will only consider Hamiltonians and observables, when written in terms of operators with classical counterparts, are either linear in operators or made of products of commuting operators: in this case, the Weyl symbol is found by simply replacing the operator by its classical counterpart.
Due to the many constraints on the structure of the density matrix (expressed by the Casimir operators of the Lie algebra), the exact Wigner function will in general have negative values. Even apparently simple states, such as Slater determinants, will have a complicated Wigner function. For the Slater determinant state, its complicated structure is apparent from Wick's theorem which constrains all the moments of the Wigner function. However, as we already mentioned (c.f. Ref. [11] ) within the accuracy of TWA one can approximate the initial Wigner function with a Gaussian by only constraining the first and second moments. Numerically this has a huge advantage, as propagating the Wigner function now amounts to solving equation of motion (1) for random initial conditions ρ and τ , drawn from a normal distribution with mean and covariance matching that of the quantum operators. Any expectation value can be calculated by averaging over these initial conditions. Note that on the Gaussian level the Wigner function always factorizes: W (ρ, τ ) = W (ρ)W (τ ), because the correlations between ρ and τ must vanish. Moreover, even pure states, such as ground states, in general have non-zero covariance matrix. For example, consider an initially non-interacting fermion state characterized by the single-particle density matrix ρ 0 . Let us choose the basis where ρ 0 αβ is diagonal: ρ 0 αβ = (n α − 1/2)δ αβ and n α is the orbital occupation number. Then the correlations function are
If the initial distribution corresponds to the equilibrium Fermi-sea then the noise on ρ can be understood as originating from particle hole excitations. Whenever the Fermi-sea is either full or empty there is no room for these excitations so the covariance of ρ vanishes. In contrast there is always noise on τ as it represents two-particle fluctuations, for which there is room in any state.
Model. To illustrate how the general idea works we consider the Hamiltonian representing fermions resonantly coupled to a bosonic molecular state: Close to mean-field regimes where the bosonic field condenses, this model is amenable to various analytic treatments [23, 24] , but far from the mean-field limit and far from equilibrium it essentially cannot be simulated with existing numerical or analytical tools.
We express this Hamiltonian in terms of the ρ αβ and τ αβ where α and β label the site component and the spin index. As a first demonstration, we look at a system of two sites. In Fig. 1 , we compare exact quantum dynamics to those using classical equations of motion. The initial quantum state is a vacuum for fermions and a coherent state for bosons on each of the two sites with a mean number of bosons of N i = 9 per site. The Wigner function for the bosons is thus a product of two Gaussians (see e.g. Ref. [6] ):
and the Wigner function of the bilinears is also approximated by the products of Gaussians according to Eq. (6). We deliberately choose rather large initial boson occupation number per site to be in the regime where the method is expected to be nearly exact. We quench to µ B = 1 and g = 1/3, and show the corresponding rise in the average number of fermions.
For the classical dynamics, we show both mean-field (MF) initial conditions (where we calculate only one classical path, with each classical variable determined by the average of the corresponding quantum operator) along with the full fTWA (where we integrate over many different initial condition determined by the Wigner function). Even though in this example one can naively expect MF approximation to be rather accurate it is clear that the fTWA gives far better results, because we include the correct initial correlations. We even predict the saturation to the correct final steady state, which agrees with the quantum diagonal ensemble (dashed line). So in this case the method does not have typical short time limitations [6] . Qualitatively this can be understood from the fact that at long times the system goes to a highly excited (and highly entangled) classical state, where quantum fluctuations are small.
To further demonstrate the method on a larger 2D system, we compare fTWA results with the exact case on a nine site 3 × 3 lattice with periodic boundary conditions. Here we start in the ground state of the Hamiltonian with µ B = 0 and g = 0, with no bosons and a Fock state of fermions in momentum space filling up the five lowest energy modes. Note that this is the worst regime for the bosonic TWA, as TWA approximations generally get better with higher particle number, i.e. the TWA is a 1/N expansion. Unlike the previous two-site example, there is no obvious small parameter here. We then ramp the chemical potential and the coupling, with µ B (t) = −10(1 − e −(t/τramp) (7) with µB = 1 and g = 1/3 for the initial state with no fermions and a coherent state of bosons on each site with average number of nine bosons per site. We measure the average number of spin up fermions. The blue line labeled (QM) represents the exact quantum evolution. Mean-field (MF) results are accurate at short times, but the fTWA result continues to be very accurate at all times, reproducing the final steady state, which is that predicted by the diagonal ensemble (DE).
the accuracy of the fTWA. For large enough τ ramp , the process would be adiabatic and we would end up with nearly all fermions converted to bosons, as we are moving deep into the BEC regime. In Fig. 2 we show results comparing the average fermion filling fraction, with τ ramp ranging from 10 to 320 in units of the coupling J. As the time period extends, the approximation begins to break down as generally expected for TWA [6] . Physically this corresponds to the fact that the ground state has stronger quantum fluctuations. At very slow ramps the approximation even yields unphysical negative occupation numbers. At the same time the method gives very accurate predictions at intermediate ramp rates where the majority of the fermions are converted to bosons such that short time perturbative expansions completely fail. So while with fTWA we cannot correctly predict the ground state of this model, we are able to accurately describe both transient dynamics and the steady-state in other highly non-trivial strongly-correlated regimes.
Finally, we demonstrate the power of fTWA for a system that cannot be simulated exactly: in Fig. 3 , we extend the previous example to a larger 10 × 10 system and analyze the time evolution of the Fermi-surface. In this case, we use τ ramp = 10, where fTWA is expected to be nearly exact, and show snapshots of the Fermisurface when it is most volatile, from t/τ ramp = 0.4 − 1, as well as the steady state at t/τ ramp = 4. We see that the fermions near the Fermi-surface start converting to bosons first, but then quickly the lowest energy fermions end up being most likely to convert, resulting in an inverted non-equilibrium final fermion distribution. Physically this unusual final state indicates that the highest energy fermions are too fast to combine and convert into molecules. This is consistent with the exact results we see in the 3 × 3 lattice (Fig. 2(c) ).
Here we presented a semi-classical phase space method to simulate dynamics of interacting fermions, by constructing a phase-space out of all fermionic bilinears. Not only does the method improve dynamics close to the mean field limit, it also accurately described dynamics in strongly correlated regimes as long as the system is not too close to the ground state. The method moreover has the virtue of working in any dimensions. This opens up the possibility of studying dynamics of strongly correlated fermions in condensed matter systems, quantum chemistry and high-energy physics. As the ramp time increases, the final number of fermions decreases. In (b) we zoom into the shaded time period where the observable is most oscillatory. For ramp times up to τramp = 80, the fTWA predicts the short time fluctuations and the final steady-state value. However, as the ramping time continues to increase, the fTWA becomes a worse approximation. In particular, for τramp = 320, the fTWA actually gives unphysical results, showing a negative average filling fraction. Unlike the quantum mechanics dynamics, the classical dynamics are not constrained to give positive average particle number; the Wigner function can evolve over classical paths to a function which does not correspond to a physically possible density matrix. In (c), we show the average fermion number for each mode for τramp = 10 (inset matches colors to location on the Fermi-surface). The fTWA is accurate even at this level of detail. Results for the Fermi-surface of a 10 × 10 system with τramp = 10, at times t/τramp = 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 4. At times t/τramp = 0.6 − 0.8, the fermions with |k| ∼ π/2 are the first bosonize, but by t/τramp = 0.9, it is clear that the lowest energy fermions are bosonizing in the greatest number, and the steady-state has a fermion distribution which reflects this. It appears that the highest energy fermions are too fast to bosonize.
